The weight-two motivic complex of equicharacteristic local fields  by Snaith, Victor P.
Available online at www.sciencedirect.com
Topology 42 (2003) 1185–1204
www.elsevier.com/locate/top
The weight-two motivic complex of equicharacteristic
local #elds
Victor P. Snaith ∗
Faculty of Mathematical Sciences, University of Southampton, Southampton, Hants SO17 1BJ, UK
Received 1 June 2001
Abstract
Let L=K be a #nite Galois extension of local #elds in positive characteristic with group G. The weight-two
motivic complex .(2; L) de#nes an element of Ext2Z[G](K2(L); K3(L):). We show, after inverting the prime
2, that cup-product with this 2-extension induces an isomorphism on Tate cohomology. In fact we show that
this isomorphism coincides with cup-product by the K2=K3 local fundamental class previously constructed.
? 2003 Elsevier Science Ltd. All rights reserved.
MSC: 11G55; 14F42; 19F99
Keywords: Local #eld; Motivic complex; Tate cohomology
1. Introduction
1.1. Let X be a regular Noetherian scheme. In [1,14,15] the existence is conjectured of complexes
of sheaves on X , {(n; X )}n¿0, satisfying a range of axioms. The complex (n; X ) is known as the
motivic-cohomology complex of weight n and its hypercohomology is called motivic cohomology.
In [1] these are sheaves for the Zariski cohomology. However, being interested in Galois coverings,
we shall describe only the axioms for the ?etale site, following [14,15].
(0) (0; X )=Z; (1; X )=Gm[− 1].
(1) For n¿ 1; (n; X ) is acyclic outside the interval [1; n].
(2) If ∗ assigns to an ?etale sheaf the associated Zariski sheaf then Rn+1∗(n; X )= 0.
(3) Let q be a positive integer prime to all residue characteristics of X . Then, in the derived
category, there exists a distinguished triangle of the form
(n; X )
q→(n; X )→ ⊗nq → (n; X ) [1]:
∗ Tel.: +44-23-8059-5129; fax: +44-23-8059-5147.
E-mail address: vps@maths.soton.ac.uk (V. P. Snaith).
0040-9383/03/$ - see front matter ? 2003 Elsevier Science Ltd. All rights reserved.
doi:10.1016/S0040-9383(01)00019-2
1186 V. P. Snaith / Topology 42 (2003) 1185–1204
(4) There are pairings of the form
(n1; X )
L⊗(n2; X )→ (n1 + n2; X )
satisfying the usual properties.
(5) The cohomology sheaves Hi(X ;(n; X )) are isomorphic to the ?etale sheaves, grnK
?et
2n−i up to
torsion involving primes, p6 n−1. Here grn denotes the associated graded of the K-theory presheaf.
(6) The Zariski sheaf Rn∗(n; X ) is isomorphic to the sheaf of Milnor K-groups, KMn (X ).
In [14,15] a candidate for the motivic-cohomology complex of weight 2 was constructed and many
of the axioms veri#ed. In particular, we shall need the fact that (2; X ), satis#es the axioms (save
possibly for questions of 2-torsion) when X =Spec(L), the spectrum of a #eld L. In the notation of
[14] we write
(2; X ) :C2;1(X )
2;X→C2;2(X ):
However, when X =Spec(L), the axioms imply that there (2; X ) gives rise to a natural exact
sequence of the form
(2; L) : 0→ K ind3 (L)→ C2;1(L)
2;L→C2;2(L)→ K2(L)→ 0:
Here we have abbreviated Spec(L) to L and K ind3 (L) denotes the indecomposable K-group in dimen-
sion three [13,16]. In particular, if L=K is a #nite Galois extension with Galois group G(L=K) then
this sequence is a 2-extension of Z[G(L=K)]-modules representing an element
[(2; L)]∈Ext2Z[G(L=K)](K2(L); K ind3 (L)):
In Tate cohomology there is an associated family of Yoneda product homomorphisms of the form
([(2; L)] ∪ −) : Hˆ i(G(L=K);K2(L))→ Hˆ i+2(G(L=K);K ind3 (L)):
Postponing for a moment both the background and the motivation we may state the question which
we shall study. Suppose that L=K is a Galois extension of local #elds. In this case it is known that
K ind3 (L)=K3(L) [3] so that the 2-extension [(2; L)]∈Ext2Z[G(L=K)](K2(L); K3(L)).
1.2. Question. In 1:1, if L=K is a Galois extension of local #elds, is
([(2; L)] ∪ −) : Hˆ i(G(L=K);K2(L))→ Hˆ i+2(G(L=K);K3(L))
an isomorphism for all i?
Our main result 1 (Theorem 5.2; see Proposition 4:8 for the tamely rami#ed case), giving partial
evidence for an aLrmative answer, is that there is a Yoneda product isomorphism of the form
([(2; L)] ∪ −) : Hˆ i(G(L=K);K2(L)⊗ Z[1=2])
∼=→Hˆ i+2(G(L=K);K3(L)⊗ Z[1=2]);
when L=K is any Galois extension of local #elds in characteristic p¿ 0.
1 Michael Spiess has recently given an elegant aLrmative answer to Question 1:2 for all local #elds, using [11,12,22].
When our proof works it proves slightly more, identifying the Yoneda product with that of the local fundamental class
of Theorem 3.2.
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1.3. Background and motivation
Firstly, the Tate cohomology groups in Question 1:2 are isomorphic for all Galois extensions of
local #elds. In fact rather more is true. In [19–21] canonical 2-extensions of Z[G(L=K)]-modules
are constructed of the form
fdl(r; L=K) : 0→ K2r+1(L)→ Ar(L)→ Br(L)→ K2r(L)→ 0
in which Ar(L) and Br(L) are cohomologically trivial. Therefore the Yoneda product, given by
splitting the 2-extension into two short exact sequences and composing their coboundaries, for all i
gives isomorphisms of the form
Hˆ
i
(G(L=K);K2r(L))
∼=→Hˆ i+2(G(L=K);K2r+1(L)):
The question which really should be addressed is the following very plausible conjecture:
1.4. Conjecture. If L=K is a Galois extension of local 7elds then
[fdl(1; L=K)]= [(2; L)]∈Ext2Z[1=2][G(L=K)](K2(L)⊗ Z[1=2]; K3(L)⊗ Z[1=2]):
An aLrmative answer to this conjecture would imply our main result (Theorem 5.2), since it
would imply an aLrmative answer to Question 1:2, after tensoring with Z[1=2]. Conversely, our
main result lends some credibility to Conjecture 1:4.
When r=0 these 2-extensions are the familiar local fundamental classes of local class #eld theory
[17,18]. In [20] the construction of the fundamental classes when r¿ 2 was given for 2-adic local
#elds, using results of [24], and was contingent on the validity of the Quillen–Lichtenbaum conjecture
in the other cases. However, this conjecture holds in characteristic p by combining the results of
[9,23] and it is true for p-adic local #elds of odd residue characteristic [10].
Secondly, as explained in Section 3:1 and Theorem 3.2, the higher K-theory local fundamental
classes are natural with respect to Galois descent. This property makes them essentially unique as el-
ements of Ext2Z[G(L=K)](K2r(L); K2r+1(L)). This is because the 2-extension for L=K may be obtained by
Galois descent from that for a separable closure, K sep=K . Elements of Ext2Z[G(L=K)](K2r(L); K2r+1(L))
are independent of the uniquely divisible part of the K-groups, as yet unknown. Incidentally, K2r(K sep)
is uniquely divisible when r ¿ 0.
By contrast, the motivic-cohomology complexes (n; X ) are far from unique. They live in the
derived category, where they are diLcult to identify [2]. Therefore, this paper should be thought
of as a #rst attempt towards a characterisation by discovering some Galois descent axioms to add
to (0)–(6). Also the higher K-theory local fundamental classes, by analogy with the global case
[6,8,7,5], are expected to be connected to special values of L-functions via their Chinburg invariants
[19,21] and so are the motivic complexes [1] so it is reasonable to attempt to compare the two.
I am very grateful to Spencer Bloch, Steve Lichtenbaum and Jim Milne for conversations con-
cerning Galois descent axioms for (n; X ).
Here is an outline of the paper. In Section 2, we recall an explicit construction of the weight
two motivic cohomology complex of a #eld L. Our construction is equivalent to that of [14] al-
though we have based it on the localisation sequence so as to be able to compute the coboundaries
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more easily. In Section 3 we introduce the notion of Galois descent for certain types of 2-extensions
or Z[G]-modules and de#ne their Euler characteristic, which lies in K0(Z[G]), if de#ned. Important
examples of 2-extensions with Euler characteristics are the higher K-theory local fundamental classes,
whose properties are recalled in Theorem 3.2. In Section 4 we use an explicit model for the K2=K3
local fundamental class for a tamely rami#ed Galois extension of local #elds in characteristic p¿ 0
to evaluate the Yoneda product mentioned in Question 1:2. This is done by comparing the Yoneda
products with the fundamental class for L with that for the separable closure, Lnr , doing the same
for (2; L) and proving that the two Yoneda products coincide for Lnr . The unique p-divisibility of
K2(L) and K3(L) for a local #eld of characteristic p makes it easy to reduce Question 1:2 from the
general case to the tamely rami#ed case. This is accomplished in Section 5.
2. The motivic complex (2; L)
2.1. In [14] (see also [15]) Lichtenbaum constructs the motivic complex, (2; L), for a #eld L by
taking a #nite set of elements
b= {b1; b2; : : : ; bn ∈L∗ − {1}}
and taking the direct limit of the b’s of the long exact algebraic K-theory sequence
· · · n+1;b→ Kn(X; Z)→ Kn(X − Yb; Z) "→Kn−1(Yb)n;b→ · · · ;
where X =Spec(L[T ]); Z =Spec(L[T ]=(T (T − 1))) and Yb=Spec(L[T ]=(
∏n
i=1(T − bi))).
One has an isomorphism of the form Kn(X; Z) ∼= Kn+1(L) and if we set
Sb= {T − b1; : : : ; T − bn ∈L[T ]};
then X − Yb=Spec(L[T ]S−1b ). In [14] it is shown that im(lim→
b
4; b) ⊆ K3(L) consists precisely of
the decomposable elements (i.e. the iterated Yoneda products of elements in K1(L) ∼= L∗.
In low dimensions there results a functorial exact sequence of the form
0→ K ind3 (L)→ C2;1(L)
2;L−→ C2;2(L)→ K2(L)→ 0:
This central homomorphism in 2-extension is called the weight two motivic cohomology complex
of X =Spec(L), denoted by (2; L).
We may describe this sequence more explicitly, replacing the localisation sequence of the triad,
X; Z; Yb, with the localisation sequence of L[T ]S−1b . It is straightforward to verify that the sequence
we are about to construct is isomorphic to (2; L).
The long exact localisation sequence of L[T ]S−1b splits, yielding isomorphisms of the form
(%1; %2) :Kn(L[T ]S−1b )
∼=→Kn(L)⊕
(
⊕
bi∈b
Kn−1(L)
)
;
in which %1 is induced by setting T equal to zero and %2 is the coboundary of the (split) localisation
sequence.
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Now consider the long exact K-theory sequence of the pair, X − Yb; Z
· · · → Kn(L[T ]S−1b ) &→Kn(L[T ]=(T (T − 1))) "→Kn−1(X − Yb; Z)→ · · ·
in which & is induced by the canonical ring homomorphism. There is an isomorphism of the form
(&1; &2) :Kn(L[T ]=(T (T − 1)))
∼=→Kn(L)⊕ Kn(L)
in which &1 is induced by setting T equal to zero and &2 by setting T equal to one.
Hence &2 induces an isomorphism of the form
&′2 :
Kn(L[T ]=(T (T − 1)))
im(&)
∼=→ Kn(L)
&(⊕bi∈bKn−1(L)) ∩ Kn(L))
:
Therefore " induces an injection of
K3(L[T ]=(T (T − 1)))
im(&)
⊆ K2(X − Yb; Z);
which, in the limit over b, becomes the injection
K ind3 (L)→ C2;1(L):
Hence the long exact sequence of (X − Yb; Z) yields the following exact sequence in low dimen-
sions:
0→ K3(Z)=im(&)→ K2(X − Yb; Z)→ K2(L)⊕
(
⊕
bi∈b
K1(L)
)
(1;′2;b)−→ K2(L)⊕ K2(L)→ · · · :
Dividing out by the left-hand summand, K2(L) in the third and fourth groups and taking the limit
over b yields the sequence (2; L).
2.2. The motivic cohomology complex (1; L) is equivalent to a short exact sequence of the form
0→ C1;1(L)→ C1;2(L) →K1(L) ∼= L∗ → 0
of [14, Proposition 2:4]. As in the construction of (2; L) in Section 2:1 this sequence is made
by taking b= {b1; : : : ; bn ∈L∗ − {1}}, considering the localisation sequence in low dimensions and
taking a direct limit. This time we have an isomorphism of the form
(%1; %2) :K1(L[T ]S−1b )
∼=→K1(L)⊕
(
⊕
bi∈b
K0(L)
)
such that the limit over b satis#es
C1;2(L)= lim→
b
K1(L[T ]S−1b )
K1(L)
∼= Z[P1L − {0; 1;∞}]:
Here a basis element in the projective line minus three points, [a; b]∈P1L − {0; 1;∞}, corresponds
to T − (a=b)∈K1(L(T )) ∼= L(T )∗. The homomorphism  corresponds to evaluation at T =1 so
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that we have

(∑
i
ni[ai; bi]
)
=
∏
i
(1− (ai=bi))ni ∈L∗:
When X =Spec(L) axiom (4) of Section 1:1 follows from the pairing of the localisation sequence
with K∗(L). This gives rise to an important commutative diagram of the form
Observe that
C2;2(L) = lim→
b
K2(L[T ]S−1b )
K2(L)
= lim
→
b
(
⊕
bi∈b
K1(L)
)
∼= ⊕
[a;b]∈P1L−{0;1;∞}
L∗:
This implies that the Yoneda product, L, in the diagram is an isomorphism.
In Section 4 it will be convenient to replace L and 1 ⊗  in the previous diagram by their
compositions with the isomorphism 1⊗ t where t is the automorphism of Z[P1L−{0; 1;∞}] induced
by t[a; b] = [b− a; b] on the projective line. In this case (1⊗  · t)(z ⊗ [a; b])= z ⊗ (a=b).
3. The higher K-theory fundamental classes
3.1. Suppose that G is a #nite group and that
E :A→ B→ C → D
is a 2-extension of Z[G]-modules in which B and C are cohomologically trivial. Such a sequence
de#nes an element of Ext2Z[G](D; A).
There are two natural operations associated to a subgroup, J ⊆ G. The #rst—passage to
subgroups—is merely to consider the modules as Z[J ]-modules. The second—passage to quo-
tient groups—is more complicated and applies to the case of a normal subgroup, J / G. In this
case, let AJ , AJ denote the J -invariants and J -coinvariants of A, respectively [18, p. 3]. We
have a commutative diagram of Z[G=J ]-modules in which the rows and columns are exact and
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NJ denotes the norm, N (x)=
∑
g∈J gx,
resulting in the associated J -invariant=coinvariant 2-extension
AJ → BJ → CJ → DJ ;
in which the Z[G=J ]-modules, BJ and CJ , are cohomologically trivial.
These operations are relevant to the naturality properties of the fundamental classes constructed
in [19–21].
Theorem 3.2 (Snaith [19, Theorem 4:6]). Let L=K be a Galois extension of local 7elds with group;
G(L=K). Then there exists a canonical 2-extension of Z[G(L=K)]-modules of the form
0→ K2r+1(L)→ Ar(L)→ Br(L)→ K2r(L)→ 0
satisfying the following conditions:
(i) The Z[G(L=K)]-modules Ar(L) and Br(L) are cohomologically trivial.
(ii) If G(L=E) ⊆ G(L=K) then the canonical 2-extension associated with L=E is canonically iso-
morphic to the canonical 2-extension for L=K; considered as a 2-extension of Z[G(L=E)]-
modules.
(iii) If G(L=E) / G(L=K) then the canonical 2-extension associated with E=K is canonically
isomorphic to
K2r+1(L)G(L=E) → (Ar(L))G(L=E) → (Br(L))G(L=E) → K2r(L)G(L=E):
3.3. Euler characteristics
Suppose that A and D are #nitely generated in Section 3:1. Then the 2-extension de#nes a class,
[E]∈Ext2Z[G](D; A) which may be represented by a (possibly diTerent) 2-extension in which B and C
are #nitely generated and cohomologically trivial. In this case B (respy. C) has a #nitely generated,
projective Z[G]-resolution of the form P1;B → P0;B → B (respy. P1;C → P0;C → C). The Euler
characteristic of [E] is de#ned to be the element
.[E] =
1∑
i=0
(−1)i([Pi;B]− [Pi;C])∈K0(Z[G]):
The Euler characteristic depends only on [E] and is de#ned if and only if the Yoneda product
([E] ∪ −) : Hˆ i(G;D)→ Hˆ i+2(G;A)
is an isomorphism for all i, which explains the connection with Question 1:2. In fact, this paper
originated in an attempt to prove that [(2; L)] possessed an Euler characteristic in the above sense
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and that it was equal to that of the K2 − K3 local fundamental class of Theorem 3.2, which would
give more supporting evidence for Conjecture 1:4.
4. The tame case in characteristic p
4.1. Suppose we are in the tame situation. That is, L=K is a tamely rami#ed Galois extension of
local #elds with Galois group G(L=K) of the following form:
G(L=K)= 〈a; g | gd= ac; ar =1; gag−1 = av〉;
where v= | UK |, the order of the residue #eld, UK , of K . Here, if W=K is the maximal unrami#ed
subextension then G(L=W )= 〈a〉 and the image of g in G( UL= UK) is the Frobenius automorphism.
Note that, as in [4, p. 369], we may arrange that c is a divisor of r. When char(K)=p¿ 0 we
may arrange that c= r, since K ∼= Fv((X )), the #eld of fractions of Fv[[X ]], and L is a Kummer
extension of L〈a〉=Fvd((X )). Hence G(L=K) is equal to the semi-direct product 〈g〉 ˙ 〈a〉 of the
cyclic group of order d, 〈g〉, acting on the cyclic group of order r, 〈a〉, by gag−1 = av.
For each positive integer, m, set Lm=FvdmL so that Lm=Fvdm and
G(Lm=K)= 〈a; g | gdm=1= ar; gag−1 = av〉
and there is an extension of the form
G(Lm=L)→ G(Lm=K) %m→ G(L=K);
in which %m(a)= a and %m(g)= g. The kernel of %m, G(Lm=L), is isomorphic to G(Fvdm=Fvd) which
is cyclic of order m generated by gd. If Lnr is the maximal unrami#ed extension of L then Lnr=K is
equal to the limit of the extensions, Lm=K .
Since K2(Lm) and K3(Lm) have no p-torsion [9] the results of [23] imply that the tame symbol,
"Lm :K2(Lm)→ F∗vdm
and the map induced by the inclusion of #elds
F∗v2md ∼= K3(Fvmd)→ K3(Lm)
are isomorphisms (possibly modulo uniquely divisible subgroups). Hence we have canonical coho-
mology isomorphisms
Hi(G(Lm=K);K2(Lm)) ∼= Hi(G(Lm=K);F∗vdm);
H i(G(Lm=K);K3(Lm)) ∼= Hi(G(Lm=K);F∗v2dm)
for all i¿ 0 and
Ext2Z[G(Lm=K)(K2(Lm); K3(Lm))
∼= Ext2Z[G(Lm=K)(F∗vdm ;F∗v2dm):
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4.2. The economical 2-extension
Let ∞[1=p] denote the group of roots of unity of order prime to p. This group is Q=Z[1=p] writ-
ten multiplicatively. Let ∞[1=p]⊕˜Z denote the Z[〈a〉]-module given by the direct sum of ∞[1=p]
with the integers where a acts trivially on ∞[1=p] but satis#es a(1; 1)= (4r; 1) for some primitive rth
root of unity, 4r . Note that the #rst coordinate of (1; 1) is the trivial
element of ∞[1=p] while the second coordinate is the integer, 1. Hence we have the induced
Z[G(Lm=K)]-module, Ind
G(Lm=K)
〈a〉 (∞[1=p]⊕˜Z).
Proposition 4.3. Let Lm=K be as in Section 4:1. Then
(i) IndG(Lm=K)〈a〉 (∞[1=p]⊕˜Z) is a cohomologically trivial Z[G(Lm=K)]-module and
(ii) there is a 2-extension of Z[G(Lm=K)]-modules of the form
F∗v2dm → IndG(Lm=K)〈a〉 (∞[1=p]⊕˜Z)
Fˆ−1→ IndG(Lm=K)〈a〉 (∞[1=p]⊕˜Z)→ F∗vdm ;
where
Fˆ(gi ⊗ (7; m))= gi−1 ⊗ (7v2 ; mv);
whose class in Ext2Z[G(Lm=K)(F
∗
vdm ;F
∗
v2dm) corresponds under the isomorphism of Section 4:1 to the
K2=K3 local fundamental class constructed in [19,21].
Proof. Examination of the construction on the higher K-theory local fundamental classes shows that
the 2-extension of the proposition is a sub-2-extension of the K2=K3 fundamental class constructed
in [19,21], with the canonical maps induced at the two ends.
Remark 4.4. In fact we shall only need to know that the 2-extension in Proposition 4.3 induces
Yoneda product isomorphisms in Tate cohomology in all dimensions (see Question 1:2. This is a
property which can be established directly without appealing to [19,21].
The following result will allow us to replace L by its maximal unrami#ed extension, Lnr , in our
cohomology calculations.
Proposition 4.5. The edge homomorphism in the Serre spectral sequence of the extension in Section
4:1 yields an isomorphism of the form
H ∗(G(Lm=K);F∗vdm)
∼=→H ∗(G(L=K);F∗vd)
for all positive integers; m.
There is a similar isomorphism of the form
H ∗(G(Lm=K);K3(Fvdm))
∼=→H ∗(G(L=K);K3(Fvd)):
Proof. For the #rst part the cohomology spectral sequence has the form
Es; t2 =H
s(G(L=K);Ht(G(Lm=L);F∗vdm))⇒ Hs+t(G(Lm=K);F∗vdm):
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We have Es; t2 = 0 for all t ¿ 0. This is because Lm=L is unrami#ed and so G(Lm=L) ∼= G(Fvdm=Fvd),
which implies that Ht(G(Lm=L);F∗vdm)= 0 for all t ¿ 0 and H
0(G(Lm=L);F∗vdm)=F
∗
vd . This proves the
#rst part and replacing Fvdm by Fv2dm ∼= K3(Fvdm) yields the second part.
Corollary 4.6. The natural map yields an isomorphism
Ht(G(Lm=K);F∗vdm)
∼=→Ht(G(Lms=K);F∗vdms)
for all t¿ 0; m; s¿ 1.
In the limit we obtain an isomorphism
Ht(G(L=K);F∗vd)
∼=→ lim
→
m
H t(G(Lm=K);F∗vdm)
for all t¿ 0.
Proof. The second part is the direct limit of the #rst part.
The #rst part is clear when t=0, since each cohomology group is isomorphic to F∗v mapped
isomorphically to itself under the inclusion, i :F∗vd → F∗vdm .
Now consider the case when t ¿ 0. There is an extension of the form
G(Lms=Lm)→ G(Lms=K) %→ G(Lm=K)
and the natural maps are given by the compositions
Ht(G(Lm=K);F∗vdm)
%∗→ Ht(G(Lms=K);F∗vdm)
i∗→ Ht(G(Lms=K);F∗vdms):
To see that each of these compositions is an isomorphism, consider the spectral sequences:
Ev;w2 =H
v(G(Lm=K);Hw({1};F∗vdm))⇒ Hv+w(G(Lm=K);F∗vdm);
(E′)v;w2 =H
v(G(Lm=K);Hw(G(Lms=Lm);F∗vdm))⇒ Hv+w(G(Lms=K);F∗vdm);
(E′′)v;w2 =H
v(G(Lm=K);Hw(G(Lms=Lm);F∗vdms))⇒ Hv+w(G(Lms=K);F∗vdms):
On E2-terms, E
t;0
2 → (E′)t;02 and (E′)t;02 → (E′′)t;02 are both the identity map. However, by Proposition
4.5, the edge homomorphisms of Ev;wr and (E
′′)v;wr are both isomorphisms. Also
Ev;w2 ∼=
{
0 w¿ 0;
Ev;0∞ w=0
and
(E′′)v;w2 ∼=
{
0 w¿ 0;
(E′′)v;0∞ w=0:
This means that (E′)v;02 ∼= (E′)v;0∞ . This is seen by considering the #rst r for which
dr : (E′)v−r;w+r−1r → (E′)v;wr is non-zero and observing that this implies dr : (E′′)v−r;w+r−1r =0 →
(E′′)v;wr is non-zero also.
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Hence we have edge homomorphisms
Hv(G(Lm=K);F∗vdm)
∼=→ Ev;0∞ ;
H v(G(Lms=K);F∗vdm)→ (E′)v;0∞ ;
H v(G(Lms=K);F∗vdms)
∼=→ (E′′)v;0∞ ;
which commute with the natural maps and the result follows.
4.7. Computing the Yoneda product
The remainder of this section is devoted to showing that the Yoneda product with (2; L) in
Question 1:2 is an isomorphism when L=K is a tamely rami#ed extension, as in Section 4:1.
For each m|m′ we have a canonical commutative diagram of 2-extensions
In addition, since Lm′=Lm is unrami#ed, the right-hand vertical map composed with the tame symbol,
"Lm′ , is equal to the tame symbol, "Lm , followed by the inclusion of F
∗
vdm into F
∗
vdm′ . Similarly the
left-hand vertical map #ts into a commutative diagram with the canonical maps K3(Fvdm)→ K3(Lm)
and K3(Fvdm′ )→ K3(Lm′).
Therefore, by Corollary 4.6, the Yoneda product (given by the composition of two coboundaries)
([(2; L)] ∪ −) :Hi(G(L=K);K2(L))→ Hi+2(G(L=K);K3(L))
may be identi#ed with the direct limit over m of the Yoneda products by the 2-extensions corre-
sponding to Lm
lim
→
m
H i(G(Lm=K);K2(Lm))→ lim→
m
H i+2(G(Lm=K);K3(Lm)):
This, in turn, may be identi#ed with
lim
→
m
H i(G(Lm=K);F∗vdm)→ lim→
m
H i+2(G(Lm=K);K3(Fvdm)):
Let Lnr =
⋃
m Lm denote the maximal unrami#ed extension of L. Hence Ki(Lnr) ∼= lim→mKi(Lm).
Consider the 2-extension of Z[G(Lnr=K)]-modules obtained by taking the limit over m
(2; Lnr) :K3(Lnr)→ C2;1(Lnr)→ C2;2(Lnr)→ K2(Lnr):
The Yoneda product with the class of this 2-extension
Hi(G(Lnr=K);K2(Lnr))→ Hi+2(G(Lnr=K);K3(Lnr))
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is equal to the direct limit of the Yoneda products associated to the Lm’s. This is the Yoneda product
which we shall show to be an isomorphism for all i¿ 0 (equivalently, for all i in Tate cohomology).
For this we shall need some homomorphisms which relate these 2-extensions to those of Propo-
sition 4.3.
For each m in some co#nal set of integers we choose xm ∈F∗vdm , a generator, such that
xm= x
(vdm
′−1)=(vdm−1)
m′ whenever m|m′. Hence we have a summand, L∗m ⊗ Z{xm; xvm; : : : ; xv
dm−1
m },
of L∗m ⊗ C1;2(Lm). Furthermore, if m|m′, there is a commutative diagram of natural maps of the
following form:
We may de#ne an isomorphism of Z[G(Lm=K)]-modules of the form
2 : Ind
G(Lm=K)
〈a〉 (L
∗
m=U
1
Lm)
∼=→L∗m=U 1Lm ⊗ Z{xm; xvm; : : : ; xv
dm−1
m }
by
2(gi ⊗ (4; t))= 4vi%tL ⊗ [xv
i
m]
for 06 i6dm− 1. Here (4; t)∈F∗vdm × Z.
Note that 2 does not seem to be available if L∗m=U 1Lm is replaced by L
∗
m.
In addition, we have Z[G(Lm=K)]-module homomorphism of the form
1 : Ind
G(Lm=K)
〈a〉 (L
∗
m=U
1
Lm)→ L∗m=U 1Lm ⊗ C1;1(Lm)
given by
1(gi ⊗ (4; t))= 4vi%tL ⊗ (v[xv
i−1
m ]− [xv
i
m])
and if
Fˆ : IndG(Lm=K)〈a〉 (L
∗
m=U
1
Lm)→ IndG(Lm=K)〈a〉 (L∗m=U 1Lm)
is given by
Fˆ(gi ⊗ (4; t))= gi−1 ⊗ (4v2 ; tv);
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then Fˆ is a homomorphism of Z[G(Lm=K)]-modules and we have a commutative diagram of the
following form:
The composition
L∗m ⊗ C1;2(Lm)
1⊗·t→ L∗m ⊗ L∗m
Lm→K2(Lm)"Lm→F∗vdm
sends z⊗[; ;] to (=;)vLm (z)z−vLm (=;) ∈ (OLm=(%L))∗ ∼= F∗vdm and so factorises through a homomorphism
of the form
L∗m=U
1
Lm ⊗ C1;2(Lm)→ F∗vdm :
The composition
%m : Ind
G(Lm=K)
〈a〉 (L
∗
m=U
1
Lm)
2→L∗m=U 1Lm ⊗ C1;2(Lm)→ F∗vdm
sends gi ⊗ (4; s) to 4vi%sL ⊗ [xv
i
m] and thence to x
vis
m = g
i(xsm), which is surjective.
Taking the direct limit over m
lim
→
m
IndG(Lm=K)〈a〉 (L
∗
m=U
1
Lm)
∼= IndG(Lnr=K)〈a〉 (∞[1=p]⊕˜Z)
and Fˆ commutes with the limit to give
Fˆ − 1 : IndG(Lnr=K)〈a〉 (∞[1=p]⊕˜Z)→ IndG(Lnr=K)〈a〉 (∞[1=p]⊕˜Z):
Writing UFvd for the algebraic closure of Fvd , we also have a surjection
%∞= lim→
m
%m : Ind
G(Lnr=K)
〈a〉 (∞[1=p]⊕˜Z)→ UF
∗
vd :
In fact, ker(%∞)= im(Fˆ − 1) for it is easy to see that IndG(Lnr=K)〈a〉 (∞[1=p]) ⊆ im(Fˆ − 1)
and quotienting by the IndG(Lnr=K)〈a〉 (∞[1=p])’s gives the limit of the well-known exact sequences
0→ IndG(Lm=K)〈a〉 (Z)
g−v→ IndG(Lm=K)〈a〉 (Z)→ F∗vdm → 0:
For #xed m the kernel of Fˆ − 1 consists of the elements
y=
vdm−1∑
i=0
gi ⊗ (4(i); t(i))
such that
0=
vdm−1∑
i=0
gi−1 ⊗ (4(i)v2 ; t(i)v)− gi ⊗ (4(i); t(i))
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so that t(i)= vt(i+1) implies that (vdm−1)t(i)= 0 for each i and so each t(i)= 0. Also 4(i)= 4(i+
1)v
2
so that
y=
vdm−1∑
i=0
gi ⊗ (4(i); 0)=
vdm−1∑
i=0
gi ⊗ Frob−2i(4(0))
with 4(0)∈F∗v2dm and Frob∈G(Fv2dm=Fv) is the Frobenius automorphism, Frob(u)= uv. The
Galois action on y∈ ker(Fˆ − 1) is given by
a(y) =
vdm−1∑
i=0
agi ⊗ Frob−2i(4(0))
=
vdm−1∑
i=0
gig−iagi ⊗ Frob−2i(4(0))
=
vdm−1∑
i=0
gig−iagi ⊗ g−iagi(Frob−2i(4(0)))
=
vdm−1∑
i=0
gig−iagi ⊗ Frob−2i(4(0))
= y
and
g(y)=
vdm−1∑
i=0
agi+1 ⊗ Frob−2i−2(Frob2(4(0)))
so that
ker(Fˆ − 1 | IndG(Lm=K)〈a〉 (L∗m=U 1Lm)) ∼= F∗v2dm ∼= K3(Fvdm):
Hence we have a 2-extension of the form
K3(Fvdm)→ IndG(Lm=K)〈a〉 (L∗m=U 1Lm)
Fˆ−1→ IndG(Lm=K)〈a〉 (L∗m=U 1Lm)→ F∗vdm :
In the limit we have
lim
→
m
H i(G(Lm=K); Ind
G(Lm=K)
〈a〉 (L
∗
m=U
1
Lm))
∼= Hi(G(Lnr=K); IndG(Lnr=K)〈a〉 (∞[1=p]⊕˜Z))
∼= Hi(〈a〉; ∞[1=p]⊕˜Z)
= 0
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for all i¿ 0. Therefore, in the limit we obtain a 2-extension of Z[G(Lnr=K)]-modules—the limit, in
fact, of the 2-extensions of Proposition 4.3
K3( UFvdm) → IndG(Lnr=K)〈a〉 (∞[1=p]⊕˜Z)
Fˆ−1→ IndG(Lnr=K)〈a〉 (∞[1=p]⊕˜Z)→ UF
∗
vdm
in which the middle two modules are cohomologically trivial. Therefore, the Yoneda product in Tate
cohomology
Hˆ
i
(G(Lnr=K); UF
∗
vdm)→ Hˆ i+2(G(Lnr=K);K3( UFvdm))
is an isomorphism for all i.
The commutative diagram of 2-extensions
in which
I˜nd(2)= IndG(L=K)〈a〉 (Q=Z(2)[1=p]⊕˜Z)
and
I˜nd(2)∞= Ind
G(Lnr=K)
〈a〉 (Q=Z(2)[1=p]⊕˜Z)
shows that the Yoneda product isomorphisms
Hˆ
i
(G(L=K);F∗vd)→ Hˆ
i+2
(G(L=K);K3(Fvd))
and
Hˆ
i
(G(Lnr=K); UF
∗
vd)→ Hˆ i+2(G(Lnr=K);K3( UFvd))
may be identi#ed by means of the natural isomorphisms of Corollary 4.6.
Now we must work backwards towards the Yoneda product induced by the 2-extension,
(2; L).
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We have a commutative diagram of 2-extensions of Z[G(Lm=K)]-modules
in which m is an isomorphism and both lim→m &Lm ⊗ Z[1=2] and Lm are isomorphisms modulo
Q-vector spaces. The lower part of the diagram commutes by virtue of Axiom 4 of Section 1:1 and
is derived in [14, Remark 2:6]. In the upper part the middle- and left-hand square clearly commute,
since the upward verticals are induced by the quotient map, L∗m → L∗m=U 1Lm . The composition
L∗m ⊗ Z{xm; : : :} → L∗m ⊗ F∗vdm
Lm→K2(Lm)"Lm→F∗vdm ;
where "Lm is the tame symbol of Section 4:1, annihilates U
1
Lm ⊗ Z{xm; : : :} and so induces ;m to
make the right upper square commute. Note that the top sequence is not exact but, by the discussion
of Section 4.7, after taking the direct limit over m it becomes exact and may be identi#ed with the
limit over m of the 2-extension of Proposition 4.3.
Now consider the following commutative diagram in which the horizontal homomorphisms are
the Yoneda products by the above 2-extensions taken to the limit over m.
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The upper two Yoneda products are isomorphisms on Tate cohomology for all i so that lim→
m
(;m)∗
is also an isomorphism. On the other hand, lim→
m
(&Lm)∗ ⊗ Z[1=2] is an isomorphism. Also the
composition of Lm with the tame symbol, "Lm , is equal to ;m. Since "Lm induces an isomorphism
on cohomology so does lim→
m
(Lm)∗. This implies that @ ⊗ Z[1=2] is an isomorphism for all i and,
by Corollary 4.6, the Yoneda product
([(2; L)] ∪ −) : Hˆ i(G(L=K);K2(L)⊗ Z[1=2])→ Hˆ i+2(G(L=K);K3(L)⊗ Z[1=2])
is also an isomorphism for all i.
In fact, the discussion of this section establishes the following result:
Theorem 4.8. Let L=K be a tamely rami7ed extension of local 7elds in characteristic p, as in
Section 4:1. Then, under the canonical isomorphisms of Section 4:1; the Yoneda product of Question
1:2 is an isomorphism for all i
([(2; L)] ∪ −) : Hˆ i(G(L=K);K2(L)⊗ Z[1=2])→ Hˆ i+2(G(L=K);K3(L)⊗ Z[1=2]);
which coincides with the isomorphism given by the Yoneda product with the K2=K3 local funda-
mental class for L=K of Proposition 4:3
Hˆ
i
(G(L=K);K2(L)⊗ Z[1=2]))→ Hˆ i(G(L=K);F∗vd ⊗ Z[1=2]):
Remark 4.9. In the circumstances of Theorem 4.8, using Proposition 4.3, one can show that there
is an isomorphism of the form
Ext2Z[G(L=K)](F
∗
vd ;F
∗
v2d) ∼= Z=r ⊕ Z=r;
where r is the order of the inertia group, G0(L=K)= 〈a〉. If two 2-extensions induce the same Yoneda
product isomorphisms then their second coordinates must coincide.
5. The general case in characteristic p
5.1. Let L=K be any Galois extension of local #elds in characteristic p¿ 0 with Galois group,
G(L=K). Let G1(L=K) ⊂ G(L=K) denote the #rst wild rami#cation group [17, p. 62], which is
a #nite p-group. If M is the #xed #eld of G1(L=K)=G(L=M) then M=K is the maximal tamely
rami#ed subextension. In this section we shall apply Theorem 4.8 to M=K in order to prove the
following result for L=K .
Theorem 5.2. Let L=K be any Galois extension of local 7elds in characteristic p. Then the Yoneda
product of Question 1:2 is an isomorphism for all i
([(2; L)] ∪ −) : Hˆ i(G(L=K);K2(L)⊗ Z[1=2])→ Hˆ i+2(G(L=K);K3(L)⊗ Z[1=2]);
which may be identi7ed with the isomorphism given by the Yoneda product with the K2=K3 local
fundamental class for L=K of Proposition 4:3
Hˆ
i
(G(L=K);K2(L)⊗ Z[1=2]))→ Hˆ i(G(L=K);F∗vd ⊗ Z[1=2]):
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Proof. Consider the following commutative diagram in which the rows are 2-extensions of
Z[G(L=K)-modules.
The upper two rows are given by (2; M) and (2; L). The lower row is the 2-extension obtained
from (2; L) by localising to invert p. Since K2(L) and K3(L) are uniquely p-divisible [9] localisation
leaves these modules unchanged. These are all 2-extensions of Z[G(L=K)]-modules and the maps
are Z[G(L=K)]-module homomorphisms. However, the action on the top row factorises through the
canonical quotient, G(L=K) → G(L=K)=G(L=M) ∼= G(M=K). Therefore, we obtain a commutative
diagram of the following form, in which AG denotes the subgroup of G-invariant elements of A. It
is a diagram of 2-extensions because taking G(L=M)-#xed points is exact on uniquely p-divisible
Z[G(L=K)]-modules.
Unique p-divisibility of K2(M); K2(L); K3(M); K3(L) implies, by a transfer argument, that the left-hand
and right-hand vertical maps are isomorphisms. Hence, by Theorem 4.8, the Yoneda product
Hˆ
i
(G(M=K);K2(L)G(L=M) ⊗ Z[1=2])→ Hˆ i+2(G(M=K);K3(L)G(L=M) ⊗ Z[1=2])
is an isomorphism for all i.
For j=2; 3 the Serre spectral sequence shows that Hs(G(L=K);Kj(L)) ∼= Hs(G(M=K);
Kj(L)G(L=M)), since Ht(G(L=M);Kj(L)))= 0 for t ¿ 0. This isomorphism is given by the follow-
ing composition of the canonical maps:
Hs(G(M=K);Kj(L)G(L=M))→ Hs(G(L=K);Kj(L)G(L=M))→ Hs(G(L=K);Kj(L)):
This shows that, in the three-row diagram, the Yoneda product on Hˆ
∗
(G(M=K);−) by the 2-extension
on the top row may be identi#ed with the Yoneda product in Hˆ
∗
(G(L=K);−) by the 2-extension on
the bottom row and hence also on the middle row, which establishes the #rst part of the result.
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To compare the Yoneda products one uses the canonical isomorphisms, for j=2; 3 and s¿ 0,
Hs(G(L=K); Kj( UL))∼=Hs(G(L=K); Kj(L))
∼=Hs(G(M=K); Kj(M))
∼=Hs(G(M=K); Kj( UM))
together with the second part of Theorem 4.8 and the fact that the residue #elds of L and M are
equal.
Remark 5.3. Consider the spectral sequence
Es; t2 (L=K)=H
s(G(L=K);ExttZ(K2(L); K3(L)))⇒ Exts+tZ[G(L=K)](K2(L); K3(L))
and the corresponding one for M=K . Since the natural map induces an isomorphism, Es; t2 (M=K)
∼=→
Es; t2 (L=K), it gives an isomorphism between corresponding Ext
2’s. Therefore, by Remark 4.9, we
have isomorphisms of the form
Z=r ⊕ Z=r ∼= Ext2Z[G(M=K)](K2(M); K3(M)) ∼= Ext2Z[G(L=K)](K2(L); K3(L)):
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